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Abstract

‘We present a theorem on the Wigner angle and its relation with the defect of a triangle in hyperbolic
geometry. Copyright © 1998 Elsevier Science B.V.
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1. Main result and Wigner angle

A reference frame in special relativity may be regarded as a point on a hyperboloid
Ho={xtx, = -1, x% > 0} (we have chosen the signature of the metric as (—, +, +, +)).
Suppose we have three reference frames A, B, C € ‘H. They define uniquely three boost
transformations which will be denoted by Lga, Lcp and Lc4. The transformation Lga
e.g. is defined as the unique boost such that Lg4 A = B, etc.

Theorem 1. The superposition LacLcpLpa = Rs is equal to the three-dimensional ro-
tation in the hyperplane orthogonal to A, around the axis A A B A C and the angle of
rotation 8§ is equal to the defect of the triangle (A, B, C} with respect to the hyperbolic
(Lobaczewski) geometry of H.
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The three-dimensional rotation R arising in Theorem 1 is the well-known Wigner rotation
of special relativity, which gives rise to the so-called Thomas precession, a relativistic
effect first encountered in the spin—orbit coupling of an electron in an atom [1-3]. The
angle involved in the Wigner rotation is called the Wigner angle. It has been calculated by
different authors by means of different mathematical techniques, such as 2 x 2 matrices
(quaternions) (see [4]), Clifford algebra of differential forms (see [5]) and implicit Lorentz
transformations (see [6]), and so on. The explicit vector form of the Wigner angle is

M

. WXV WXV
é = 2arcsm< v1y2| | )

AZTF T+ +y) /) twxv ]’
where v is the three-dimensional velocity of frame B relative to frame A, w is that of frame
C relative to frame B, w x v indicates the axis of the rotation, c¢ is the speed of light in
empty space, and

[ 2 / 2 :
m=1/ 1—2—2, n=1/ 1—1—2)7, V=y1yz(l+vc—2w)- ©

From (1) we find
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In the next section we shall point out the geometric meaning of the Wigner angle.

2. The defect of a triangle and its relation with the Wigner angle

Let
(i) v and u be the velocities of B and C relative to the reference frame A, respectively,
and 6,4 the angle between them measured in A.
(i) w and v’ be the velocities of C and A relative to the reference frame B, respectively,
and 6y the angle between them measured in B.
(iii) uw’ and w’ be the velocities of A and B relative to the reference frame C, respectively,
and 6p the angle between them measured in C.

Denote by
o =64 +6p+6c, (5)
the angle-sum of the three angles mentioned above.
Define
d=m—a=m—(04+6p+6c), 6)

where 7 is the ratio between the circumference of a circle and its diameter.
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We ask: What is the magnitude of & ?
Suppose the vectors in conditions (i)—(iii) satisfy the following relations:

|V = vI=v, | W =W |=w, v |=|u|=u. N

If the physical world is interpreted by the theory of special relativity, then v, w and u
satisfying :

V(02 + w2 = 2vwcosfg) — (vw sin Oz /c)?
u =

8
1 —vwcosfp/c? ®)
can be written as [4]
/l_ﬂzzvlvﬁgvl_ﬁl% (9)
“ 11— ByPuwcostp
or
Yu = YoYuw(l — ByBu cosbp), (10)

where B, = u/c, y, = 1/\/1 — BZ, and analogously for 8,, y, and so on.
One can easily verify that (10) coincides with the third equation of (2). From (10) we

obtain

YvYw — Yu

cosfg =
Yo YwBvBuw

an

so that

=222 _3257
sinfp = /1 — cos26g = \/ Yy Zyw )/u2+ YvYw¥Yu ' A (12)

Obviously, due to relations (7), cos 64, sin 64, cos 8¢ and sin 8¢ can be obtained by replacing
the subscripts involved in (11) and (12); from these we have

-1 -1
cosS:l—(y—"———)(yw—)sin203>0 (13)
1+ v
and
1 w 1= 72— 72 —yZ+ 2vuym
ging = LEW Vo + vV =¥ —vg — vZ +2ny Y o 4
A+ )+ v ) + W)

As aresult of (13) and (14), one can find /

§ >0, : ’ : (15)
thus

a=n—§<m. ' (16)

Eq. (16) implies that the angle-sum « is less than 7.
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In hyperbolic geometry it is well known that the angle-sum of a triangle is less than 7. It
has been pointed out that the facts and concepts of relativistic mechanics could be thought
of not only in terms of Minkowskian geometry (according to the original interpretation of
Einstein’s special theory of relativity), but also in terms of hyperbolic geometry [7]. The
similarities between them enabled us to translate every theorem of hyperbolic geometry
into a theorem of relativistic kinematics, and conversely it could be shown that, from the
point of view of Einstein’s theory of relativity, the set of uniform motions in space could
be regarded as a hyperbolic space, provided the “velocity parameter” v is replaced by the
“hyperbolic parameter” ¢. Thus, we have

v . v
tanh¢ = —, cosh¢ =y, sinh¢p = —y 7
¢ c
If we define
4 =tanh~'(w/c), ¢g=tanh~ ' (u/c), ¢¢ = tanh™'(v/c), (18)

then due to (17), Eq. (10) can be written in a hyperbolic form
cosh ¢ = cosh ¢¢ cosh ¢4 — sinh ¢¢ sinh ¢4 cosOg. (19)

It is clear that Eq. (19) is nothing but the hyperbolic law of cosines; to a first approximation
it reduces to the law of cosines in Euclidean geometry [8]. Obviously it corresponds to the
theorem of addition of velocities in special relativity. To see it clearly, we would like to
consider the special case with g = 0; then (19) becomes

cosh ¢ = cosh(¢4 + ¢¢) (20)

so that

tanh ¢4 + tanh ¢¢

tanh ¢ = tanh = ; 21
anh ¢ anh(@4 + ¢c) 1 + tanh ¢4 tanh ¢¢ @h
From (17), we obtain
v+w 22)

U=
1 + vw/c?

this is just the relativistic addition law of two collinear vectors.

From this analysis, it is confirmed the belief that concepts arising in special relativity
can have their correspondent in hyperbolic geometry. From the point of view of hyperbolic
geometry, the hyperbolic parameters ¢; (i = A, B, C), as defined in (18), can be used to
construct a triangle AABC, whose defect § satisfies Eq. (13). One can verify that (13) is
identical to (3), in which the Wigner angle is satisfied. Consequently the geometric meaning
of the Wigner angle is nothing else than the defect of a triangle from the point of view of
hyperbolic geometry. Thus Theorem 1 is proved.
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